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AX A.PFLICATION OF THE VOI? KJiR1l.i~-MILLIKAN

LAMINAR. BOUNDARY-LAYER .!TEEORY

COMFAR150N WITE EXFERIMENT

By Albert E, von Doenhoff

SUMMARY

AND “

..—--— .

-.- .

._

The von Kdrm&n-Killikan theory of laminar boundary %
layers presented in N.A,C.A, Technical Report No. 504 i.s “ .
applied to the laminar boundary layer about an elliptic
cylinder o’n which boundary-layer and pressure-distribution
measurements were made at the National Bureau of Standards. -

,:~
~;

An outline of the procedure of the von K4rmdn-Millikan
method is given. ...- -..

● ✍ Good agreement is o%tained between the calculated a-rid ‘-~
experimental results, indicating that the method may be.

.2A- applied generally to the laminar boundary layer about any
body provided that an experimentally determined pressure
distribution is available. It appears t“hat for all
Reynolds Numbers above 24,000 the separation point for the

—

elliptic cylinder should occur at a constant distance be-
hind the point of minimum pressure, provided that the
boundary layer does not become tur-c)ulent. .

.-_.

#

INTRODUCTION

From consideration of the relative order of magnitude -
of the various terms in the fundamental differential equa-
tions of flow, Prandtl has shown that the effects of vis-
cosity at the high Reynolds Numbers common to aeronautical
problems are of appreciable importance only in the thin
fluid layer next to the surface of the body, thus consid-
erably simplifying the fundamental equations. The actual
solution of t-he boundary-layer equations has been a matter
of considerable difficulty. It was shown, however, that
separation of the flow from the surface is to he expected

-— =-----— -——..
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when the boundary lajrer encounters rising pressures in the
direct-ion of flow. ‘

The “Aimplest case, timt of the ,hcruiii-tirylayer along a
flat plate with zero yressure gradient, has been success-
fully treate~ ,by Elasius. Tor this case no separation was
to be expected. .,Thetreatment of the flow about bodfes
when pressure gradients exist has ~hus far not been com-
pletely successful: .,~umerous methods have been devised
but either the prediction of the location of the separa-
tion point has been of doubtful accuracy or the methods
hive been applicable only to limited types of pressare
distributions.

Experiments-on an elliptic cylinder have “been corJ-
ducted at the National Bureau of Standards to” study the
sepq’ration phenorneria .and~“in particular, to check the”the-
ory of Pohlhausen. (See referencq “1=) The results, com-
p~redjyith pohlhaU6.enis approximate -s”olut.ionof the v,on
Karman integral equation, have dornon%trat-ed that the Fohl-
ha+~sen ‘me’thodcould only be depended UFOn to giVO reliable
results when the pres”6ure in the outside ‘potential fiow
was decreasing; with increasing pres~ure separation-maY
actually occur when Pohlhausen!s “metho’dfails to indicate
any” flow separation >.-

..+

Von Kdrmtin and llflll~karhave--rectintly devised a theo-
ry of Iaminar boundary ‘lqyers itivolving separation (ref=r-
ence 2) that app,eq-r-sto “have certain &dvantages over pre-
vious theories. This solution of the .laainar. ‘ooundary-
layer problem can” “~e a~plied tiore gen~rally than &orner
zethode; the equation that is used {o det~rmine the sepa-
ration point iS a close approximation near the surfaco
where the ~cps,ration condition is applted, thus’permitting
a more accurate determination of the separation point.

8i-

1

-*

The purFoso of the present study is to investigate
the extent to which the theory presented in reference 2
may be expected to ‘give reliable result-s. ‘l?hcs-”investi+-
tion was qccomyli.shed by apFlying the ~heory &o the bound-
ary Layer about the ellipt’ic cylinder oh which the Bureau
of Standards tests were made. A compariso~ is made between
ths calculated and experimental results, especially with
r~ference to the location of the separa-~ion point-

*
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The tests (referezce ,1) conststeci. of pres’sure-distrt- :
.

?Iution and boundary-la~er measurements on a’n elliptic cyl-
inder. The pressure distribution was measured by a manom-
eter connected, tQ .or.ifi.cesin.th.e G.urface of the cylinder.
A hot-wire a“nemome~”&r was u“sbd to make the “boundary-layer
surveys. The elliptic cylinder on which the tests were
made ha& a major axis of,,ll.78 inches anti a minor axis of
3.98 inches. It ii’asplac-ed” ih-”the air ‘streardwith the ma-
jor axis parallel to the general flow. The tests were
made at a Reynolds ~urnbe,rof ap~roximately 24,000, based
on ‘the length 0? tine minor a“kis. s :_.=-..__.

.

OUTLIITE OF THE; VON K~R?&?-MILLIXAN PRO CEDURX
.,. . .-

The solution of the boundary-layer problem presented
in :reference 2 is tlivid.ed into two parts~ an outer and an
inner solution. The outer solu~ioti ”is-obtained by trans-
forming the boundary-layer equation into a form analogous
to that for the conduction of heat, the solution of which
is well known. This part of the-solution is most accurate

‘ in the region where’ the %oundary-layei “velocities are near-
ly equal to those in the” outside stream, i.e., the out”er
part of the %oundary layer. For reasons peculiar to the
analysis, i-t-”-is”convenient to join the tw-o solutions at an
inflection point of the %ouribry-layer velocity profiles.
Thus the range of this solution is taken as the region
from the o’ute-rpart” of the boundary layer to the inflec-
tion p,ointi or to the wall if no inflection point exists.

The inner solution is obtained %y trarisforming “*he
%oundary-layer equation %y certain approximations into an
ordinary d“iffe’renti.alequat”ion, which is most accurate
near the wa,l.1, The inner solution is used only when the
bouadary-layer velocity profiles show an inflection point.
Its “r’ari~eis then over the region from the wall to ‘the in-
flection po,,int. u--. . ..

The ste~s invo~ve~. in computing the characteristics
of the larninar bo-undary lajer”by this iie%hod follow,

. ..’,
Definition of :dimensionless variables.- In the ~01-.—-—

lowing computations the”velbcity at an infinite distance
—-. .—

from the cylinder U. is ‘considered to %e the unit of ve-

-. ._-.

—-
-—

.

..i
-a

4

n

—
—

-:?-
t.--—



.4 I?.A.C;A. Technical Yote NO. 544

locity. The minor axis” %“ of the ellipse is used as the
unit of length. These units of velocity and length lead
to the f%z%mation of the following dimensionless quantities:

. .

‘. R “= ‘$, Reynolds Number (v, kinematic viscosity).

,.
.

CP*’=”-K.~o~? ‘nondimensional velocity potcn-tlal.
,... . --..

$* = _l!_.&, “ ‘“
Uol 2

nondimensional stream function.

—

,l*=&,
U.

nondfrnensi~nal vel”ocity in the boundary
layer.

m

U*=+ nondimensional velocity just outside the
o boundary layer.

.

*.

...~
. . .~.=.

. . . . —
... - --—

““-l

.+,..
aiT — m 2 —..—. —- ,-~-’u—~— .- ..., .-. w .._—..

.-G .-+.~fft=— = —, fibid~rnensianal ‘]energy defectlJ in
U02 u~ a the boundary la~”er.

In tile following computations,” the asterisks are
dropped for simplicity, a“nd.nondimepsio~al quantities thus
formed are always to %e unders{OOdo

. .

Calculation.~ outer ~olution.+..— In order to calculate..—— c
the ou,ter solution, it is”necessary to know the Variation
of the square of the outside velocity U2 with the,veloci-
t,vpotential ~ along the, #urface. Reference 1 gives ex-
perimentally determined values of ,U as a function of the
nondimensional distance s -along the surface. This rela-
tlon .is plotted in figure 3. The vqlocity potential

V = j’s TJds is determined” by “a graphical integration of
o .-

this curve. Both U and” V are then known as functions

of the distance along the surface. !iho U2 ,.Q curve,
shown in figure 2, “is determined by choosing corresponding
values of .U and V at several yointG aloilg the .surfaco,

--- ..
Ths next step in t~calculatio~ “is the expression of

the Ua,v” cwrve in terms of power ‘series. The ca~cula-
fions are “greatly simplified if tho Ua,cp curve i-sarhi-

.:.

.

.
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trarily divide? iqto, two regions and a separ~te power se-
ries is used. to a~proximate the curve .”iti-”ea~~-region;-that

., .x __ .. ... .
,. ,,, -,. n, ,... .— .?,“.
is, for v 5qL’ ““ *.= i& bi~i -,,,. ... . .’, .:. .

—.

,, .-

w~=re QZ is the arbitraril”y’ chosen.value of ~ separating
the two regions. It was found possible in this investiga-
tion to obtain. a.~a~iqfactori- apprgxim.ation to the experim-
ental Uz,cp curve by using t“erms involving only.up’ to
the sec,ond.po.w6r.of ~~ It ‘a~ears-,that the Waq curve
should %e fitted “with greater care in the neighborhood of
the separation point than:elsewhere.., ~he value of, ~1

chosen was 0.4. The fol~owing approximate expressions for
the, U2.,~ curve were then obtained:

. .

for qs 0.4 U2 =
—

7.3864 - 8.855Y2

for p 2 0.4 P = 1.39’3 “+‘o.41’@ - 0 *148q2

The approximate U2,V c,firve,..given by the fore~oing e%-”
pressions, is also shown in figure 2.

.

It is nciw possibl~ to compute the energy’de~ec% z~ ,
at any point in the boundary layer as a function o-f ~ and
$. (The subscri~t ,~ tieno%es ”thi.,otiter.solution.)

.

{.
z~ (Q,if)= f30ho* + Ylq.gl” - y=~2 g2*

}
,.

+~
{
bl (h= ~“hi*) + @lhl

}
* +- 2y2ql(gl* + -gZ-*)

+ Cpa
{
%2(h2 - h2*) + @ah2*

}
(1)

for Y%l
---,—

71 = ~1 - p~ Y2 = ~a - i%!

For 9 ~“q~ ptit 13~;” ‘~z, ho*, h,l*, .k2* , gl*; g2*

equal to zero. The factors
... . . _

ho, h ls’- h ‘9.” ~ls and

!S2 &
are ‘unctions ‘f. Jr only, and thus do not depend on

—
.-

.-

—,—

-.

,_
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,.
the particular case. The same fu.ncttins as the fore~olng

-L

hut formed for the variable
.~ .:,,.- .

~-...L ape ho* , hl* , h2* ,
9 - T1

gz*, and g~* ● Equation”(l) corr6spdid&’ to equation (19) —

in reference 2. the terms arising from the use of powers
of q greater than 2 have hee’n deleted. ‘.

Substituting the values of the known cQef%iclents in
the expression for ‘z@” (equation (l)) ,

i
1.3930 h~x

,
~u = + 2,?864 El*;-F 3,3931”g~

*).
i
.,

+-q
{’ }

.
7’,3800 hl - 6.9660 ,hl* - 6.%56 gl* -’ 6.9656 g2* . ‘*

*I+ 92 {-8.8550 h= + 8.’7070 h2 \ (2)
.

Tke functions
●

go, gls g2\ ho~ hl? .h2i “are comP~tcd

from the following relations:

(go (g) =.; 1- ??(0), $“
‘=7T

wlR re F(t) is ty.e probabilit-y integral,. .
E

2 J e-P2 d~,----.— a tabulated function.

. . .
.<

f

.

These functions are plotted. tliroughout ‘t-heiruseful range
in figures 3 and 4.

,
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In the subsequent calculations, the power-series e
pansions of these functions ar”e required.

go(~) = 0.5000 - 0s5642g + 0;1881ta - 0.0564ts
1

x-

gl(t) = -0.5642t + &2 - 0.5642t3 + 0.0940ts

t@) = O:lsslt - 0.5642t3 + 0.6667~4 - 0.282#
I

(3)

Jh=(~) = 045000 L1.12~4t +ta - 0.3761~3 + 0.03’77~5= _

ha(~) = 0, 50CJ0-1.5045&2g2-1* 5045~3+0 .6667~&-0,1505~5 .

It is now possible to compute the zu,v curves.
w This computation is_performed by choosing the value of Q

corresponding to the desired distance a~”ong the surface

. and calculating Zw for” sev””eral‘value’s”of-l$ by equatio–n -

(2). The outer limit of the boundary layer is chosen as
the--point at which relative energy deficiency -E~;= 0.01. .

~J 2
where Z. = —-. The velocity is then 0.~”~5 the” outside ve-...
locity. 2

.-.
AS

From tie ZQ),* curves and the relations

---k-- u = IJJW -’-
,

. .
y,/5- = .— —

I ‘~’”e% - ‘ ‘“””’.-—
the velocity profiles in the boundary layer ar”e obtained.
Because the integrand in the expressio~ for y J%- %ecomes
infinite as the lower limit of integration is approached,
it is necessary to eyaluate the integral by a combination
of graphic and analytic methods (refe~ence 2, p. 10) . For
values of z near 20 , that is, “-for sma~l valties df ~,
z is e

?)
anded in a power series in ~, using equations

(2) and 3 , and integrated analyt-ical’ly ““fro-m“~ = O to
some small value of $, ?ay $= 0.05. Yrom that point,
th6 integration may be performed graphically by means oiT a
plan~qet-er or Coradi integraph~

,.-—_
---- -__r.:_..—

In cases where the u,y (or z,~) curves have no
inflection point, this procedure completes the solution
for the particular value of cp chosen. ~hen the ““u,y

—
,

..-%

. ,“:

-—

—

.-.;

-,.

... .
-.
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curves have an inflection point, it is necessary to deter-
mine certain quantities from t-he outer solution at t=he in-
flection point to aid in fixing the boundary conditions ,
for the inner solution. -,

The power series in ~ for ~ is again used to de-
te~mine the position of the inflection point. Stnce the
inf-lection poin’t, in general , occurs at small klues OF
~, powers of ~ higher than *3 may be neglected. The
position of the inflection point is found ‘by eq-uating .

$;+”= ~% and solving for ~. This value of $ is donotod

by lywj where, the su%script J designates a joining-point

characteristic. ‘The values of aE
()

and Z1ag ~J ~ are then
found bysulstituting Vuj in the power-series expansions

for these quantities. This procedure completes the outer
solution when the boundary-layer velocity profiles have an
infloctton point.

Inner solution.- The inner solution is given (refer-——_________
enco 2, equation (29)) in the form

t-

. . . .-— .——. —

The subscript. i denotes the inner solution; B is a con-
& 2stant of integrat-ion proportional to ()
.ay~y=o

; and Zo P
.

Zo’, and Q are derived directly from the outside pressure

distribution, which has been experimentally determined.
The value of Cj is taken from the “outer solution and is

equal to 20 -
‘uJ* ..

m
,.

8
-b.

.-

.

. .

4.
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a={.i.. It ,is to .be noted that ~~ = O when Li= Cj”

,.

other boun,dary condition is that
(%), = (%),*

This condition gives the equation .,

.

‘9

An-

( 5j

for determining B, the left-hand side of which is known .“
from the outer solution. The v-a,lueof B thus found is
substituted in (4) an$- gi is then computed for several

values of the ratio ‘~
Xj

between O and 1.
.-__—- --...— .,

It will be found, in general, that ~id is not equal

5to ~j. In order to make .the final soluti.oa continuous,.
the values of to are shifted %Y an amount c ‘=-“t~j - ~~j,

that is, for the outer solution t =gu+c.
-- - —..

.s.,
--——.

With this information, the ~,~ curve can-be drawn ‘-
continuously for both solutions. As before, the u,Y

–:= profile is determined from this curve by the following re-
lations ,.. -------- —-.

-— -.—

For the tnner s~lu.tion, tliis- integral may be expressed
a-atilytically. In this case ——.

Y&=
tihere

Fast the joining point , the integration i? most easily
carried out graphically. .-.-. s . -:-- —

2
Since 3

L)

..
is proportional to ~ the condition ‘--

y=o ‘
i

--k’
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for separation is that B shall equal zero. The position
along the surface for which this relation holds is deter-
mined by trial and error.

RESULTS AND DISCUSSION
.

A comparison of the calculated velocity profiles and ‘.
experimental results at several potnts along the surface
of—the elliptic cylinder is given in figures 5,, 6, and 7.
The calculated Pohlhausen curves, which have been discussed
in reference 1, are shown for convenient comparison. The
agreer.en.t becomes bet-ter forward of the separation point.
Close to the separation point the calculations show, in
general, too low velocities at corresponding distances
from the surface, but the shape of the calculated separation
point profile is in good agreement with the observed veloc-
Lty ciistributionat t-he experimentally determined separa- .
tion point.

*

t

.

The posi$ions of”the calculated end experimental sepa-
ration points Qre indicated on the pressure-distribution
diagrams “shown i.n figure 8. The calculated separation

,

point was found to occur at a distance along t-he surface
s = 1.92, Actual separation was observed at s = 1.99. In P
view of tho man$ approximations and arbitrary procedures
involved in the analysis, this agreement is considered very u
good.

, ~,

It is to be noted that the curves given in figures 5,
6, and 7 are independent of the Reynolds Number, except .

insofar as Reynolds Numb6r affects the pressure distribu-
tion, It is, of course, assumed that the boundary layer
does not become turbulent. An example of the effect of a
change in the ‘pressure distribut~.on on the position of the
separation point is given in figure 8, where the calculat-.
ed separation point is shown for the perfect-fluid p’ressure
distribution about the cylinder. In this case the position
of the separation point is at S = 2.38, considerably aft
the position. found with the experimental pressure distri-
bution. Tigure 8 shows that, for both pressure distribu-
tions, the separation point occurs at approximately &he
same distance, s = 0.7, aft the point of. winimurn prf3s-
sure. Since it is to he expected that the ~ressure distri-
butions for higher Reynolds Num3ers will %e between the ex-
perimental curve shown and the perf%crt fluid.-pressure “dis-
tribution, this result indicates that–-for all Reynold& Num-

.
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hers above 24,000 the separation -point for the elliptic
cylinder will occur at a distance s = 0 -’7, aft the -point
of minimum pressure provided, of course, that the boundary
layer does not become turbulent.

A general view of the flow about the elliptic cylin-
der in the N.A.C.A. smoke tunnel is shown in figure 9.
The effect of separation on the entire flow configuration
should be noted.

CONCLUSIONS

The computed and experimental characteristics of the
laminar boundary layer about the elliFtfc cylinder are in
good agreement. This agreement

.-
indicates that the method

may be generally applied to the laminar boundary layer
about any type of body provided that an experimentally de-
termined pressure distribution is available. It appears
that for all Reynolds Numbers a%ove 24,000 the separation

.-

point for the elliptic cylinder should occur at a constan-~
distance behind the point of minimum pressure, provided
that the %oundary layer does not become turbulent.

Langley Memorial Aeronautical Laboratory,
National Advisory Committoe for Aeronautics,

Langley Field, Vs., October 10, 1935.
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